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Abstract. In this paper we consider Bernstein’s Lethargy Theorem (BLT) in the con-
text of Fréchet spaces. Let X be an infinite-dimensional Fréchet space and let V = {V,,} be
a nested sequence of subspaces of X such that V,, C V,, ;1 forany n € Nand X = UZO:1 V.
Let e, be a decreasing sequence of positive numbers tending to 0. Under an additional
natural condition on sup{dist(z,V,)}, we prove that there exists z € X and n, € N such
that o

?n < dist(z, V) < 3e,

for any n > n,. By using the above theorem, we prove both Shapiro’s [19] and Tyurem-
skikh’s [22] theorems for Fréchet spaces. Considering rapidly decreasing sequences, other
versions of the BLT theorem in Fréchet spaces will be discussed. We also give a theorem
improving Konyagin’s [9] result for Banach spaces.

1 Introduction

Let C[0, 1] denote the space of real valued continuous functions on [0, 1] with the supremum
norm ||.||. For f € C]0,1], the sequence of best approximations (or equivalently the
distance from f to the linear subspace of polynomials P, of degree < n), are defined as:

dist(f, Pn) = p(f, Pn) = pn(f) = nf{|[f = pl[ - p € Pu}.

Clearly p(f,P1) > p(f,P2) > --- and {p(f, P,)} form a nonincreasing sequence of
best approximations. Furthermore we have,

a) pn(Af) = [Alpn(f)
b) pn(f +v) = pu(f) for f € C[0,1] and v € P,
C) pn(f1 +f2) < pn(fl)+pn(f2) and ‘pn(fl) _pn(f2>| < Hfl _f2|| for f1, f2 € C[O’ ”-

The last property implies the continuity of the mapping from C[0,1] to RT defined as

f = pulf)-
The density of polynomials in C[0, 1] implies that
Jim_pn(f) = 0.
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However, the Weierstrass approximation theorem gives no information about the speed
of convergence for p,(f). Bernstein, considered “the inverse problem of the theory of
best approximation” and showed that for each nonincreasing, null sequence (d,,), there
exist a function f € C[0,1] with p,(f) = d,, see [6]. This theorem is sometimes referred
as Bernstein’s Lethargy Theorem (BLT) and it has been applied to the theory of quasi
analytic functions in several complex variables [15] and used in the constructive theory
of functions [20]. Following the proof of Bernstein, Timan [21] extended his result to an
arbitrary system of strictly embedded finite dimensional subspaces Y. Later Shapiro,
[19], replacing C[0,1] with an arbitrary Banach space (X, [|.]|) and the sequence of n-
dimensional subspaces of polynomials of degree < n by a sequence (Y,,) where Y7 C Y2 C

- are strictly embedded closed subspaces of X, showed that in this setting, for each null
sequence (d,) of non-negative numbers, there is a vector € X such that

pn(z) = inf{||lz —u|| : uweY,}#O(d,).

Thus there is no M > 0 such that p,(x) < Md,. In other words p,(z) decay arbitrar-
ily slowly. This result was strengthened by Tyuremskikh [22] who established that the
sequence of best approximations may converge to zero at an arbitrary slow rate: for any
expanding sequence {Y,,} of subspaces and for any sequence {d,} of positive numbers
converging to zero, he constructed an element x € X such that nhﬁngo p(z,Y,) = 0 and

p(z,Y,) > n. However, it is also possible that the sequence of best approximations may
converge to zero arbitrarily fast. For example in [5], under same conditions imposed on
{Y..} and {d,,}, for any sequence {¢,} of positive numbers converging to zero, there exists
z,Y, z,Y,
L n) =0 but L 7 n)

an element z € X such that lim

# O(cp,). For a generalization
n—oo

n
of Shapiro’s theorem we refer the reader to [4] and an application of Tyuremskikh’s theo-
rem to convergence of sequence of bounded linear operators consult [8]. For other versions
of Bernstein’s Lethargy Theorem see [1], [2], [5], [13], [17].

These ideas bring us to the following question: given a Banach space X, a strictly
increasing sequence {Y,,} of subspaces of X with a dense union, and a non-increasing null
sequence {d,} C [0,00), does there exist € X such that dist(z,Y},) = d,, for each n?
The only known spaces X in which the answer is always “yes” are the Hilbert spaces, [23].
For a general (separable) Banach space X, a solution x is known to exist whenever all Y,
are finite-dimensional [21]. Moreover, it is known that if X has the above property, then
it is reflexive, [23]. Later, progress on this question was made by Borodin [7]. Borodin
establishes the existence of such an element in case of rapidly decreasing sequences:

Theorem 1.1 (Borodin). Let X be an arbitrary infinite-dimensional Banach space, Y1 C
Yo, C -+ be an arbitrary countable system of strictly nested subspaces in X, and fix a
numerical sequence {e, }°2  such that e, > ZZOZTI+1 ex for all natural n > ng with e,, > 0.
Then there is an element x € X such that

p(fL',Yn) = €n7

forn=1,2,....



Konyagin [9] improved the result of Borodin by proving the following theorem:

Theorem 1.2 (Konyagin). Let X be a real Banach space, Y1 C Y2 C -+ a sequence of
strictly embedded closed linear subspaces of X, and d; > ds > -+ a nonincreasing sequence
converging to zero, then there exist an element x € X such that the distance p(x,Y,,) from
x to 'Y, satisfies the inequalities

dp < p(x,Y,) <8d, forn=1,2,---

The aim of this paper is to generalize Theorem 1.2 (see Theorem 2.9 ) to the case of
Fréchet spaces. Since in general approximation theory for Fréchet spaces is quite different
from approximation theory in Banach spaces, it is natural to ask whether or not Bernstein’s
Lethargy Theorem is true in this case. There are several papers concerning Bernstein
Lethargy Theorem in the context of Fréchet spaces; we refer the reader to [3], [16], [12]
and [1] for progresses in this direction. Notice that a version of Bernstein’s lethargy
theorem for metrizable topological linear spaces was proved in [12] and Theorem 4.1 in
[12] has been applied to the theory of quasianalytic functions in modular function spaces.
We refer the reader to [10], [11] for results in this direction.

The main result of this paper is Theorem 2.9. By using Theorem 2.9 we are able to
prove both Shapiro’s and Tyuremskikh’s theorems for Fréchet spaces (see Theorem 2.11
and Theorem 2.12). Theorems 2.5, 2.6 and 2.14 are other versions of the BLT theorem
for Fréchet spaces. We also give a theorem improving Konyagin’s result for Banach spaces
(see Theorem 2.18).

Definition 1.3. (X, | -||) is called a Fréchet space, if it is a metric linear space which is
complete with respect to its F-norm ||.||z giving the topology. As usual by an F-norm we
mean that ||.||p satisfies the following conditions, [18]:

a) ||z||r = 0 if and only if x = 0,
b) |laz||F = ||z||F for all real or complex a with ||« =1,

) llz+yllr <llzllr +[lyllr,

Many Fréchet spaces X can also be constructed using a countable family of semi norms
||z||x where X is a complete space with respect to this family of semi-norms. For example
a translation invariant complete metric inducing the topology on X can be defined as

oo

d _ Q—kM £ cX.
@) = 2 Ty, for o

Clearly, every Banach space is a Fréchet space, and the other well known example of a
Fréchet space is the vector space C*°|[0, 1] of all infinitely differentiable functions f : [0,1] —
R where the semi norms are || f||x = sup{|f*(z)|: z € [0,1]}. For more information about
Fréchet spaces the reader is referred to [18].



2 Results

We start with three technical lemmas.

Lemma 2.1. Let (X, - ||) be a Fréchet space, and let G and V be nonempty subsets
of X. Assume that G is a compact set. Then for any § > 0 there exists a finite set
{v1, ..., 00} CV such that for any g € G

lg — vl < dist(g,V) + 0
for some j € {1,...,n}.

Proof. Fix 6 > 0 and g € G. Choose vy € V such that ||g — vg|| < dist(g, V) + 4. Since the
function f; : G — R defined by

fo(h) = dist(h, V) + 6 — [|h — vg]|

is continuous, there exists an open neighborhood of g, U, C X such that f,(h) > 0 for
any h € U,. Notice that G C |J,cq Uy- By the compactness of G, G C U, Uy, Hence
for any h € G ‘

”h — Vg,

< dist(g,V)+ 4

for some ¢ € {1,...,n}, which completes the proof. O

Lemma 2.2. Fiz e > 0. Let (e,) be a sequence of nonnegative real numbers such that for
anyn € N
en > (24 €)ent1.

Set form e N b, = E;‘;n 27="e;. Then 220:1 b, < +o0.
Proof. Notice that by d’Alambert’s criterion Y. 7, 2", < oco. Hence for any n € N,

b, € R. Observe that
. 1 i —
bpyr  limp, ;’:;H 27—n—le;

b,  lim,, S, e,
and for m > n,
m—+1 i—n— m i—n
Zj:nJrl 2 lej Zj:n 277 "e; _ 1
e 2Trey T (2463001, 27y 2+
which completes the proof. O

Lemma 2.3. Let {e,} be a sequence of positive numbers such that e, > 3e,11 for any
n € N. The for any m,n € N\ {0},

n+m
en > g 23_"_1ej +2™entm
Jj=n+1



Proof. 1t is enough to show this lemma for n = 1. We proceed by the induction argument
with respect to m. If m = 1, then

e1 > 3ex = ez + 2ea,

which shows our claim in this case. Now assume that

1+m
ey > Z 2]_26j + 2m61+m.
j=2
Observe that
14+m 1+m
e > Z 2j_26j + 2m61+m > Z 2]_263' + 3(2m62+m)
=2 =2
1+m 1+(m+1)
= Z 2726 + 2™ eppm + 2" eg i = Z 277 %e; + 2" ey (1),
Jj=2 j=2
as required. The proof is complete. O

Now let X be an infinite dimensional Fréchet space equipped with an F-norm || - ||.
Assume that V = {V,,} is a nested sequence of linear subspaces of X satisfying V,, C V,, 11,
where the closure is taken with respect to || - ||. Let for n € N

F, ={v € V41 : dist(v,V;) =¢; for j =1,...,n}. (2.1)

The first step in obtaining our version of Bernstein’s Lethargy Theorem is to show that
under some assumptions for any n € N, F), is not only nonempty (by the argument of
compactness it is sufficient to prove Bernstein’s Lethargy Theorem in finite-dimensional
setting) but it also consists of elements of a special shape. This will be done in the next
lemma. Before presenting it, we introduce some notation. Set for x € X

pn(x) = dist(x, V) (2.2)

and define
dp,y = sup{pn(v) : v € Viy1}. (2.3)

Let {e,} be a decreasing sequence of positive real numbers satisfying
o0
Z 2]777'6]' < min{dn,v, en_l}
Jj=n
for any n € N. (We put e, = oo and 3277, 277 'e; < o0, if di,y = 00.) Fix a sequence (d,,)

of positive numbers such that for any n € N

Z 297" (ej + 05) < min{e,—1,dnv} 24

j=n



and v,, € V41 \ V,, such that

D2 (e; + 8) = pu(vn) > [[vnl] = G- (2.5)

j=n

Since the function ¢ — p,(tz) is continuous for any = € X, p,(z) = p,(z — v) for any
x € X and v € V,,, such v, exist by 2.4 and the definition of infimum. Then we can state:

Lemma 2.4. Let (X, | -||) be an infinite-dimensional Fréchet space. Let {V,} =V be a
nested sequence of linear subspaces of X satisfying V,, C Vy 41, where the closure is taken
with respect to || - ||. Let {e,} be a decreasing sequence of positive real numbers satisfying
2.4 with a fized sequence of positive numbers {6, }. Then for any n € N there exists a finite
set Z, C V, and w, € F,, such that

n
Wnp = § qjn,
Jj=1

where ¢jn = tjnV; — Zjn, tin € [0,1], 2, € Z; for j =1,...,n and v; are given by 2.5.
Moreover,

Iginll <27 (e + 61).

1=j

Proof. Notice that for any n € N the set G, = {tv, : t € [0,1]} is compact. By Lemma
2.1, applied to G,, and V,,, we can find a finite set Z,, C V,, such that for any g € G,

lg = znll < pn(g) + 6n (2.6)
for some z, € Z,. Fix n € N. For k € {0,...,n — 1}. Let
Eypn={veV,i1:p;(v)=c¢jfor j=n,..,n—k}
Now we show that there exists gy, 5, ...q1,n, such that ¢; , = ¢, ,v; — 2; n, where t; ,, € [0, 1]

and z;, € Z; for j = 1,...,n with

Z il < Z 2 (e + &) (2.7)
1= 1=

for j = 1,...,n satisfying
n
Wk,n = Z qjn S Ekﬁn (28)
j=n—k

for any k € {0, ...,n—1}. First we construct ¢, . Notice that the function f,(¢) = pn(tvy,)
is continuous and by our assumptions on vy,

.fn(l) = Z2j_n(ej +5J) > e, and fn(o) =0.

Jj=n



By the Intermediate Value Theorem there exists ¢, , € [0,1] such that

Pn(tnntn) = €n. (2.9)

Again by the continuity of f,, we can assume that ¢, ,, is the smallest number satisfying
2.9. By 2.6 we can choose z,, € Z, such that ||t, v — 2n|| < pn(tnnvn) + 6n. Let

Gnyn = tp,nVn — Zn- (210)
Observe that py,(¢n,n) = en, since z, € V,, and V;, is a linear subspace. Hence
Wo.n = qn,n € Eon.

Also g, satisfies 2.7. Now fix k € {0,...,n — 2}. Assume that we have constructed
Gnns - Gn—k,n satisfying 2.8 and 2.7. Now we construct ¢,—x—1,,. By 2.4 applied to
n—k—1, we can choose s,_r_1 € [0,1] (the smallest one) such that

n
pn—k—l(sn—k—lvn—k—l) =é€en—k-1+ Z 217n+k(el + 51)
l=n—k

Let up = Y ;. qi.n- Observe that

n
en—k—1+ Z 27 (e + 61) = pr—t—1(Sn—k—1Un—k—1)
l=n—k
< Pr—k—1(Sn—k—1Vn—k—1 + Uk) + pp—k—1(ux)

< Pr—k—1(Sn—k—1Vn—k—1 + ug) + ||ugl|
n

< Prhet (Snek—1Vn—ho1 Hup) + Y 27 (e 4 4)).
l=n—k

Hence
Pr—tk—1(Sn—k—1Vn—k—1 + Uk) > €n_k—1.

Let fr(t) = pn—k—1(tvn_r—1 + ug). Observe that
Tr(Sn—k—1) = Pr—k—1(Sn—k—1Vn—k—1 + Ur) > €n_p_1.

Also by our assumptions

n

F60) = puia () < url < 3 gl

j=n—~k
n 00
< Z 217n+k(61 + 51) < Z 2lin+k(€l + 61) < €p—k—1-
l=n—k l=n—k



Since the function fi is continuous, by the Intermediate Value Theorem there exists
tn—k—1 € [0, $p—r—1] such that
Pr—k—1(tn—k—1Vn—k—1 +UL) = €n_g_1.
By 2.6 we can choose z,_(_1 € Z,,_r—1 such that
ltn—k—1Vn—k—1 — Zn—k—1|| < Pr—k—1(En—k—1Vn—k—1) + On—k—1.

Let
n—k—1,n = bp—k—1Un—k—1 — Zn—k—1- (211)
Since ¢n—k—1,n € V- and 25,1 € Zp—k—1 C Vp——1, by the above construction

n

Wk—1,n = § qj,n S EkJrl,na
j=n—k—1

which shows that the equation 2.8 is satisfied. Moreover by the choice of s,,_f_1,

HQn—k—l,n | = ||tn—k—1,nvn—k—1 - Zn—k—l”

< Pr—t—1(tn—k=1Vn—k—1) + On—rk—1 < Pn—k—1(Sn—k—1Vn—k—1) + Sn—p—1

= Onkot +enp-1+ D 27 (e + ).

l=n—k
Observe that
n n
ST Nl = ln-r-rall + D7 llaunll
l=n—k—1 l=n—k

<Op_p1+en_p_1+ Z 2=tk (e + 6)) + Z 2=tk (e + 6y)

l=n—k l=n—k
n
l=n—k—1

which shows that 2.7 is satisfied. Hence we have constructed qi , ..., qn,n satisfying the
requirements of our lemma. In particular, the above reasoning shows that E,_;, is
nonempty and wy_1,, = Z?Zl Gjn € Fp_1n. Since F,, = E,_; 5, the proof is complete.

O

Applying Lemma 2.4 we now show a version of Bernstein’s Lethargy Theorem in
Fréchet spaces for rapidly decreasing sequences {e, }.

Theorem 2.5. Let X, V, {d,, v} and {e,} be such as in Lemma 2.4. Then, there exists
x € X such that dist(xz,V,) = e, for any n € N.



Proof. Let for any n € N

F,={veVy1:pj(v)=e¢; for j=1,...,n}

Take w,, = Z;;l gjn € F), constructed in Lemma 2.4. Fix j € N. Observe that for any
n € N gj, =t;,vj — 2jn, where t; , € [0,1] and z;,, € Z; (see 2.6). Since Z; is a finite
set, we can select a subsequence {n;} and g; € V;4; such that

1gj,ni — a5ll = 0.
Applying a diagonal argument we can choose a subsequence {n} such that for any j € N,
1@j,ni — a5l = 0.

Let s, = Z?Zl q;- We show that {s;} is a Cauchy sequence. Fix € > 0. By 2.4 we can
find | € N such that

Z2j_l€j < €.

j=l

Notice that by 2.4 and Lemma 2.4 forn >k > 1+ 1,

n

n
sk =sall =10 > awll< D Nl

j=k+1 j=k+1
n—1

o SO SELIETRIPS S
j=k+1 m=j j=k

which affirms our claim. Since X is complete, ||sp — || — 0, where

oo
Tr = Zq]‘.
j=1

Now we show that ||w,, — x| — 0. To do that, fix e > 0 and n, € N such that

oo
D 2ee; <€

J=no

Note that for 2.4 and Lemma 2.4, np > n, + 1, and

oo
||wnk*$||<||ijnk a5l + 1] Z G — Y Gl
j=n,+1 Jj=no+1
No o0 (oo}
<Y Mg =gl + D Magmdl+ D gl
j=1 j=no+1 j=no+1
No o0 o0 ) No o0
<Y g =l +20 > O 27 (@+6)) <UD aime — gl +2 D ¢
i=1 i=notl = i=1 =



N
<Y llgjn — a5l + 2€.
j=1

Since ||gj.n, — ¢;ll =& 0 for any j € N,

No

> llgjn, — aill + 26 < 3¢

=1

for k sufficiently large, which shows that ||w.,, — | — 0.
Now we show that p;(x) = e; for j € N. Fix j, € N. Then for k > k, ny > j,. Since
Wy, € Py

pj, (wn,) = €;, for k > k.

Hence
pjo (x) = 1i£1p]o (wnk) = ej(ﬂ

which completes the proof. O

Theorem 2.6. Let X, V, and {d, v} be such as in Lemma 2.4. Assume that {e,} is a
decreasing sequence of nonegative numbers satisfying e, < dn v and e, > 3eny1 for any
n € N. Then there exists x € X such that dist(z,V,) = e, for anyn € N.

Proof. To prove our result, it is sufficient to verify if the assumptions of Theorem 2.5 are
satisfied. But this is a consequence of Lemma 2.2 and Lemma 2.3. O

Now we show that Theorem 2.6 can be applied to prove a version of Bernstein’s
Lethargy Theorem in the case of any decreasing sequence {e, } of positive numbers tending
to 0 and any nested sequence {V,,} of linear subspaces of a Fréchet space X, which is
the main result of this paper. To do that, being inspired by [9], we need the following
construction of a decreasing sequence {fi} of positive numbers tending to zero and a
subsequence {ng}. Put fi = e; and n; = 1. If ey > 3es, then we define ny = 2 and

f2 = ¢9. If €1 < 3eg then fg = % and

ny = max{n > 2: f; < 3e,}.

Since f; =e; > 0 and e, — 0, no is well-defined. Now assume that we have constructed
positive numbers f1, ..., fr and nq,...,n; € N. We will construct fr41 and ngyq. If

Cnp+1 <=

then we define fiy1 = en, +1 and ng 1 = ng + 1. In the opposite case fy11 = % and

ng+1 = max{n > ng +1: fr, <3e,}.

Since fr > 0 and e,, — 0, ngq is well-defined.

10



1 1
Example 2.7. In the above discussion, if we take e,, = —, then f; = 3T and ny = 381
n

Lemma 2.8. Let {e,} be a decreasing sequence of positive numbers tending to 0. Let { i}
and {ny} be as in the above construction. Then for any k € N, fi. > 3fr4+1 and ep, 11 < f.

Proof. Fix k € N. If fry11 = en,+1, then by our construction

Ik
frr1 =en+1 < 3

In the opposite case fr11 = %, which validates our claim.

Analogously, if fry+1 = en, +1, then

I
enpt+1 < 3 < [k

If frt1 # en,+1 and fr # en,_,+1, then by definition of nk, 3en, +1 < fr—1 = 3fi. Finally,
if fk+1 75 €np+1 and fk = €np_1+1; then

Cnp+1 < Cnp_1+1 = fk:7
since the sequence {e,} is decreasing. O

Now we are ready to state the main result of this paper.

Theorem 2.9. Let X be a infinite-dimensional Fréchet space and letV = {V,,} be a nested
sequence of subspaces of X such that V,, C V11 for anyn € N and

oo
X = U V..
n=1
Let e,, be a decreasing sequence of positive numbers tending to 0. Assume that
dy = inf{dn’v ne N} > 0. (212)
Then there exists n, € N and x € X such that for any n > n,
%l < dist(z,V,) < 3e,.

Proof. Let {fx} and {ny} be two sequences associated with {e,} by our construction. Set
for k e N, Wy, =V, , and V; = {Wj}. Since for any k € N, V,,, 11 C Wyq,

dk,V1 > dnk,v >dy > 0.
By Lemma 2.8 fi > 3fr11 for any k € N. Fix k, € N such that for k& > k,

fre <dy <dgy,.

11



Applying Theorem 2.6 to {f : k > ko} and {W}, : k > k,}, there exists € X such that
dist(x,Vy, ) = fi for k > k.

Let n, = ng, +1. Fix n > n,. Then there exists exactly one £ € N such that ny <n < ngy1.

If fi+1 = en,+1, then by our construction ng4+1 = ng + 1 and

e )
gn < en =en+1 = fry1 = dist(x,Vy,) < 3ep.

If fr+1 # en,+1, then by Lemma 2.8 and our assumptions

dist(x, V) > dist(z, Vi) = firr = % >t >
Also if fr11 # en,+1, then, by definition of ny1,
dist(x,Vy,) < dist(x,Vy,) = fr < 3en.
The proof is complete. O

Remark 2.10. If dy = 0 the above result holds true with the same proof for sequences
{en} satisfying e, < dn v for n > n,.

From Theorem 2.9 we can easily obtain a version of Shapiro’s theorem, [19], and a
version of Tyuremskikh’s theorem, [22], for Fréchet spaces.

Theorem 2.11. Let the assumptions of Theorem 2.9 be satisfied. Then there exists x € X
such that pn(x) # O(ey).

Proof. By Theorem 2.9 applied to the sequence { /e, } there exists z € X and n, € N
such that

Ve < pu(e) <3Ver

for n > n,. Since e, — 0, it is obvious that p,(z) # O(ey). O

Theorem 2.12. Let the assumptions of Theorem 2.9 be satisfied. Then there exists x € X
and n, € N such that p,(x) > e, for n > n,.

Proof. By Theorem 2.9 applied to the sequence {3,/e,} there exists x € X and n, € N

such that
Ven < pn(x) < 9v/e,.
for n > n,. Since e,, — 0, it is obvious that p,(z) > /e, > e, for n > n,. O

Note that the parameter dy, defined by 2.12 can be equal to 0 which is illustrated in
the next example.

12



Example 2.13. Let X be a space of complex sequences with the Fréchet norm of x € X
o0
: —i |l
iven by ||z| = 27"
g y |z ; Tf o
easy to see that

.Setforne N, V, ={r e X: z; =0forj >n} Itis

1
dn,y = sup{pn(v) :v € X} = o
and consequently that dy = 0.

However, if a Fréchet space (X, | - ||) is equipped with an s-convex F-norm for some
s € (0,1], which means
lltz|| = |t|°||x| for any x € X, (2.13)

then obviously for any linear subspace V of X and x € X, dist(tz,V) = [t|°dist(z, V). In
particular this equality holds true in Banach spaces with s = 1. Hence we can state the
following theorem.

Theorem 2.14. Let X be a Fréchet space with an s-convexr F-norm and let {V,} be
a nested sequence of subspaces of X such that V,, C V41 for any n € N. Let e, be a
decreasing sequence of positive numbers tending to 0. Then there exists x € X such that
for anyn € N

%L < dist(z,V,) < 3e,.

Proof. Tt is easy to see that by 2.13 dy, = co. Hence reasoning as in Theorem 2.9 the proof
is complete. O

In particular we have:

Theorem 2.15. Let X be a Banach space and let {V..} be a nested sequence of subspaces
of X such that V,, C V41 for any n € N. Let e, be a decreasing sequence of positive
numbers tending to 0. Then there exists x € X such that for any n € N

%L < dist(x,V,) < 3ey,.

In the case of Banach spaces, applying Theorem 1.1 instead of Theorem 2.6 we can
improve Theorem 1.2. We need the following lemma:

Lemma 2.16. Let {e,} be a sequence of positive numbers such that e, > 2e,41 for any
n € N. The for any n € N\ {0},
oo
en > Z €;
Jj=n-+1

Proof. Tt is enough to show that for any n € N, e; > Z?:z en + en. If n = 2, then
e1 > 2es = es + eq, which shows our claim for n = 2. The general case can be easily
obtained by an induction argument with respect to n. O

13



Now we slightly modify the construction of a decreasing sequence {fx} of positive
numbers tending to zero and a subsequence {ny} given in the case of Frechét spaces. Put
f1 = e and n; = 1. If e; > 2ey, then we define ny = 2 and fo = es. If e; < 2e5 then
fo= % and

ny = max{n > 2: f; < 2e,}.

Since f; =e; > 0 and e, — 0, no is well-defined. Now assume that we have constructed
positive numbers f1, ..., fr and ny,...,ng € N. We will construct fiy; and ngyq. If

enptl < 5

then we define fr11 = ey, +1 and ng1 = ng + 1. In the opposite case fr41 = % and

ngr1 = max{n >ng +1: fr. <2e,}.
Since fr > 0 and e,, — 0, ngy1 is well-defined. Reasoning as in Lemma 2.8 we can prove:

Lemma 2.17. Let {e,} be a decrasing sequence of positive numbers tending to 0. Let
{fr} and {ny} be as in the above construction. Then for any k € N, f, > 2fry1 and
enk—&-l S fk'

Now we can state

Theorem 2.18. Let X be a Banach space and let {Vn} be a nested sequence of subspaces
of X such that V,, C V41 for any n € N. Let e, be a decreasing sequence of positive
numbers tending to 0. Then there exists x € X such that for any n € N

% < dist(z,V,) < 2e,.

Proof. First we show that Theorem 1.1 remains true under the weaker assumption
o0
en > Z €;
j=n+1

for any n € N. To prove this modification, for fixed k € N, and a sequence {e,, } satisfying

1
the required condition, set e, = e, + T3 It is clear that for any n € N,

o0
enk > Z ejx for any n € N.
j=n+1

By Theorem 1.1 there exists x; € X such that p,z, = e, for any n € N. Moreover, by
the proof of Theorem 1.1 (see [7])

0
T = E )\n,kqna
n=1

14



where ¢, € X, ||gn]] < 2 and [A\, k| < e < €n,1 for any n € N. By the compactness
argument and a diagonal process we can assume that there exists a subsequence {k;} such
that

)\n,kl —1 )\n

for any n € N. Notice that for any n € N |A,| < ey 1. Since the series 2211 €n,1 18
convergent and ||¢,|| < 2 for any n € N the vector

S
T = Z Ann
n=1

is well-defined and obviousy ||zx, —z|| —; 0. Consequently, by the continuity of the function
Pn, for any n € N
pr(Tr) = enky =1 en = pa(),

which shows our modification.

Now the proof of Theorem 2.18 proceeds in a similar way as the proof of Theorem 2.9.
Instead of Theorem 2.6, Lemma 2.3 and Lemma 2.8, we should apply our modified con-
struction, Theorem 1.1 in our modified version, Lemma 2.16 and Lemma 2.17. O

From Theorem 2.9 we can easily deduce a version of Bernstein’s Lethargy Theorem in
which subspaces are replaced by sets W,, satisfying

span(Wy,) € Wyqq, for n € N. (2.14)

Theorem 2.19. Let X be a Frechét space and let {W,,} be a nested sequence of subsets of
X. Set V,, = span(W,,) for n € N. Let {V,,} satisfy 2.14 and the assumptions of Theorem
2.9. Suppose that e, is a decreasing sequence of positive numbers tending to 0. Then there
exists n, € N and x € X such that for any n > n,

(%n < dist(z,W,) < 3ep_1.
Proof. Notice that by 2.14 for any z € X and n € N
dist(z,V,,) < dist(x,W),) < dist(z,V,—1).
By Theorem 2.9 there exists x € X and n, € N such that
% < dist(z,V,) < 3ep.

for n > n,, which shows our claim. O

€n

Remark 2.20. If we assume additionally that there exists M > 0 such that <M

€n+1
for any n € N, then we obtain a stronger version of Theorem 2.19. In this case there exists

no € N and x € X such that for any n > n,

%L < dist(z,W,) < 3Me,,.

15



Notice that the assumption 2.14 in Theorem 2.19 is necessary.

Example 2.21. Let X be a Banach space and let W,, = {x € X : ||z|| < n}. Let {e,} be

a decreasing sequence of positive numbers tending to zero. Since X = U W, there is no

n=1

x € X such that B
?n < dist(z,W,) < 3ep_1.

At the end of this section we show some results concerning Fréchet spaces (X, ||-||) and
sequences of subspaces of X V = {V,,} satisfying or not satisfying the assumption 2.12.
First notice that by [12], Prop. 3.4 and Cor. 3.8, if for all n, V,, are finite-dimensional,

and X = J,~, V,, then dy > 0 provided R(V) > 0, where

R(V) = inf{sup{||tv] : t e Ry }, v € (U V,,) \ {0} }.

n=1

In general, we have the following:

Lemma 2.22. Let (X, || -||) be an infinite-dimensional Fréchet space. LetV = {V,} be a
nested sequence of linear subspaces of X satisfying V,, C V41 such that

o)
X = U V..
n=1

If dy > 0 then R(V) > 0.

Proof. Notice that for any x € X, n € N and ¢ € R, |[tz| > pp(tx). Since X =, Va,
this implies that

R(V) > dV7
which proves our claim. O
Remark 2.23. By [12], Prop. 3.4 and Cor. 3.8 and Lemma 2.22 if all n, V,, are finite-

dimensional, then dy > 0 if and only if R(V) > 0. We do not know if this is satisfied for
arbitrary V.

Lemma 2.24. Let (X, || -||) be an infinite-dimensional Fréchet space. LetV = {V,} be a
nested sequence of linear subspaces of X satisfying V,, C V11 such that

X = U V.
n=1
Let || - |l1 be an F-norm defined on X equivalent to || - ||. Denote

pni(z) =inf{||lz —v|1 : v €V, },

dpy1=sup{pn1(z):z € Vyi1}

and
dv71 = inf{dmvﬂ ne N}
Then dy = 0 if and only if dy 1 = 0.



Proof. Assume that dy = 0 and dy ;1 > 0. Then there exists € > 0 such that d,, y 1 > € for
any n € N. This implies that we can find z,, € V,,;1 such that

Pn1(xn) > €/2.

On the other hand, since dy = 0, limy,p,(z,) = 0 and consequently, there exist v, € V,,
such that lim,, ||z, — v,|| = 0. Since || - ||; is equivalent to || - ||

E/2 < pn,l(xn) < Hxn - Un”l — 0;
a contradiction. O

As an application of Lemma 2.24 and Theorem 2.14 we can state the following theorem.

Theorem 2.25. Let (X, -]|) be a locally bounded Fréchet space and let {V,,} be a nested
sequence of subspaces of X such that V,, € V11 for any n € N. Let e,, be a decreasing
sequence of positive numbers tending to 0. Then there exists x € X and n, € N such that
for any n > n,

% < dist(x,V,) < 3e,.

Proof. By [18], p.95, Th. 3.2.1, there exists 0 < p < 1 and a p-homogenous norm equiva-
lent to || - ||. By Lemma 2.24 and Theorem 2.14 we get our result. O

In particular applying Theorem 2.25 and [18], p. 96, Th. 3.2.2 we get

Theorem 2.26. Let (X, -]|) be a locally convex Fréchet space and let {V,,} be a nested
sequence of subspaces of X such that V,, C V,,.1 for any n € N. Let e, be a decreasing
sequence of positive numbers tending to 0. Then there exists x € X and n, € N such that
for any n > n,
% < dist(z,V,) < 3e,.
Now we state a theorem concerning Fréchet spaces in which the topology is determined

by a sequence of p,-homogenous norms.

Theorem 2.27. Let X be an infinite dimensional linear space and let {||- ||} be a family
of pn-homogenous F-pseudonorms which is total over X, i.e for any x € X, if |||, =0
for any n € N, then = 0. Define on X an F-norm || - || by

oo

el
Il = 2 5o+ oy

Assume that (X, - [|) is a Fréchet space. Let V = {V,} be a nested sequence of linear
subspaces of X satisfying V,, C V41 such that

o0
= U V.
n=1
Assume that there exists N € N such that for any n € N we can find x,, € V41 such that

distj(xy,Vy,) = inf{|lz, —v|; v €V} >0
for some j € {1,...., N}. Then dy, > 0.



Proof. By our assumptions for any n € N and ¢t € Ry,

pn(tay) > distj(tay, Vi) = tr distj(zn, V)

O

1
for some j € {1,..., N}. Hence d,, y > oN for any n € N which shows that dy > N -

Example 2.28. Let {g,} C C*[0,1] be a fixed sequence of orthonormal functions with
respect to the scalar product (f, g) = fol f(®)g(t)dt. Let

Vn = span[glag27 ey 92n—1592n, 92n+2, ---ag2(n+k) ke N]

Let us equip X with the F-norm || - || given by

oo

B lall
I#1= > 5ot 5 ey

j=1

where ||z, = sup{|z(™(t)| : t € [0,1]}. Notice that for any n € N, and v € Vj,,

1 1
Jgas = vl = ([ (o = 0P 2 ([ (gansn)at) 7 = 1.
0 0
Hence in this case the assumptions of Theorem 2.27 are satisfied with N = 1. Consequently,
dy > 0 and by Theorem 2.9 for any decreasing sequence of positive numbers {e, } tending
to 0 there exists n, € N and x € X such that for any n > n,

%L < dist(z,V,) < 3ep.

References

[1] A. G. Aksoy and J. Almira, On Shapiro’s lethargy theorem and some applications,
Jean J. Approx. 6(1), 87-116, (2014).

[2] A. G. Aksoy and G. Lewicki, Diagonal operators, s-numbers and Bernstein pairs.
Note Mat. 17, 209-216 (1999).

[3] G. Albinus, Remarks on a theorem of S. N. Bernstein. Studia Math., 38, 227-234,
(1970).

[4] J. M. Almira and T. Oikhberg, Approzimation schemes satisfying Shapiro’s theorem,
J. Approx. Theory, 534-571 ( 2012).

[5] J. M. Almira and N. del Toro, Some remarks on negative results in approximation
theory, Proceedings of the Fourth International Conference on Functional Analysis
and Approximation Theory, Vol. I (Potenza, 2000). Rend. Circ. Mat. Palermo (2)
Suppl. 2002, no. 68, part I, 2457256.

[6] S.N. Bernstein On the inverse problem in the theory of best approzimation of contin-
uwous functions, Collected works (in Russian), vol II, Izd. Akad. Nauk, USSR, 1954,
pp 292-294.

18



(7]

[10]
[11]
[12]

[13]

[15]

[16]

P. A. Borodin, On the existence of an element with given deviations from an ex-
panding system of subspaces, Mathematical Notes, Vol. 80, No. 5, 621-630, (2006).
(Translated from Mathematicheskie Zametki).

F. Deutsch and H. Hundal, A generalization of Tyuremskikh’s lethargy theorem and
some applications, 34(9): 1033-1040, (2013).

S. V. Konyagin, Deviation of elements of a Banach space from a system of subspaces,
Proceedings of the Steklov Institute of Mathematics, 2014, Vol. 284, 204-207, (2014).
(Translated from Matematicheskogo Instituta imeni V.A. Steklova).

W. M. Koztowski, Modular Function Spaces, Series in Monographs and Textbooks in
Pure and Applied Mathematics, Vol. 122, Dekker, New York, Basel, 1988.

W. M. Koztowski and G. Lewicki, Analyticity and polynomial approzimation in mod-
ular function spaces, Journ. Approx. Theory, 58, (1989), 15 -35.

G. Lewicki, Bernstein’s “lethargy” theorem in metrizable topological linear spaces,
Mh. Math. , 113, 213-226, (1992).

G. Lewicki, A theorem of Bernstein’s type for linear projections, Univ. Iagellon. Acta
Math. (27) (1988), 23 - 27.

W. N. Nikolskii, On some properties of reflexive spaces, Uchen. Zap. Kalinin. Gos.Ped.
Inst., 29, 121-125 (1963) (Russian).

W. Plesniak, Quasianalytic functions in the sense of Bernstein. Dissertationes Math.
147, 1-70, (1977).

W. Plesniak, On a theorem of S. N. Bernstein in F-Spaces, Zeszyty Naukowe Uniw-
ersytetu Jagiellonskiego, Prace Mat. 20, 7-16 (1979).

A. Plichko, Rate of decay of the Bernstein numbers, Zh. Mat. Fiz. Anal. Geom., (9,1)
(2013), 59 - 72.

S. Rolewicz, Metric Linear Spaces, Warszawa: PWN, 1982.

H. S. Shapiro, Some negative theorems of approximation theory, Michigan Math. J.
11, 211-217 (1964).

I. Singer, Best approxzimation in normed linear spaces by elements of linear subspaces,
Springer-Verlag, Berlin, 1970.

A. F. Timan, Theory of approzimation of functions of a real variable (Russian),
Gosudarstv. Izdat. Fiz.-Mat. Lit., Moscow, 1960.

I. S. Tyuremskikh, On one problem of S. N. Bernstein, Scientific Proceedings of
Kaliningrad State Pedagog. Inst. 52, 123-129 (1967).

I. S. Tyuremskikh, The B-Property of Hilbert Spaces, Uch. Zap. Kalinin. Gos. Peda-
gog. Inst. 39, 53-64 (1964).

19



Asuman Giiven AKSOY
Claremont McKenna College
Department of Mathematics
Claremont, CA 91711, USA
E-mail: aaksoy@cmc.edu

Grzegorz LEWICKI

Jagiellonian University

Department of Mathematics
Lojasiewicza 6, 30-348, Poland

E-mail: Grzegorz.Lewicki@im.uj.edu.pl

20



